It is well-known that in one complex variable the Cauchy integral preserves real analyticity near the boundary. In this paper we show that the same conclusion also holds on convex domains with real analytic boundary in higher dimension, where the Cauchy kernel is given by the Cauchy-Fantappiè form of order zero generated by the ( 1.0)-form C(Ç,z), where /■(£) is the defining function of the domain.
Introduction
In one complex variable there is a classical theorem concerning the real analytic boundary regularity of the Cauchy kernel which states:
Theorem. Let D be a smooth bounded domain in C with real analytic boundary, and let zQ ebD be a boundary point. Let U be an open neighborhood of zQ in C. Suppose that f(Q e L2(bD) n Cw(bD n U). Then the integral F(z)= [ fi^-dCforzeD, JbDÍ-? defines a holomorphic function on D that is real analytic up to the boundary on bDnU.
It would be very interesting to generalize this type of theorem to higher dimension. Unfortunately, this cannot be done in general. We do not even know how to write down an appropriate analog of the Cauchy kernel on a smooth bounded domain of holomorphy with real analytic boundary. So in this paper we are going to study this problem on convex domains, where there is a natural Cauchy kernel as follows: Let C(£, z) be the generating ( 1,0)-form given by €{i,z)-dr <f>(t,z) "dr ¿Iw^j-Zj) ;=1 T/ the Cauchy kernel Í20(C) is then defined to be the Cauchy-Fantappiè form of order zero,
For more details see Range [2] . Here are our main results.
Theorem 1. Let D C Cn, n > 2, be a smooth bounded convex domain with real analytic defining function r(z), and let z0 ebD be a boundary point. Let U be a small open neighborhood of zQ in Cn . Suppose that /(£) e L2(bD) n Cw(bD n U). Then the integral
JbD defines a holomorphic function on D that is real analytic up to the boundary bDr\U. In particular F(z) can be extended holomorphically across bDnU.
Corollary 2. Let D be defined as in Theorem 1. Suppose that /(£) e Cw(bD). Then F(z) e CW(D). In particular F(z) e H(D).
We make a remark that the proof we present here for Theorem 1 also works for the case n = 1, and if n = 1 the Cauchy kernel £20(C) reduces to the classical one,
Let DCC", n > 2, be a smooth bounded convex domain with real analytic defining function r(z). The Cauchy kernel on D is defined as follows. 
JbD
Since <p(Ç, z) is holomorphic in z, we see that F(z) e H(D).
The main purpose of this paper is to show real analytic boundary regularity of this integral. Namely, if z0 e bD is a fixed boundary point and /(£) is also real analytic in some open neighborhood of zQ in the boundary, then F(z) is also real analytic up to the boundary near z0 . In particular it follows that F(z) can be extended holomorphically across the boundary near z0 .
Before we begin to prove Theorem 1, we will state several lemmas concerning the function </>(£, z) that are needed in the sequel. First the following lemma is proved in Range [1] . Lemma 2.2. Let D and <f>{Ç,z) be defined as above, and let z0 e bD. Then there exists a positive integer m0 and constants A, ôx, S2> 0 such that
for £ e bD n 5(z0,f5j) and z e D n B(Ç,S2), where d{z,bD) denotes the distance between z and the boundary bD.
Lemma 2.4. Let D and <j>(Ç,z) be defined as above, and let zQ e bD. For 8 <3C min(f5j ,S2), we have for some constant C > 0, f \log<t>{i,z)\dS<C
uniformly for all z e D n B(z0,3).
Proof. First by a standard choice (e.g. see Range [2] ) one may introduce a local coordinate system (tx, ... ,t2n) = t = t(£,z) on B(z,n), for some n > 0, such that the following hold.
(i) tl(Ç,z) = r(Ç) and i(z,z) = (r(z),0,...,0),
(iv) The Jacobian is bounded both from above and from below uniformly for all z e Dn B(z0, S).
Hence by Lemma 2.2 for sufficiently small ô we have |log^,z)|<|log|^,z)|| + |arg^,z)| ;<|log/l| + |log|£-zp| + |arg0(cf,z)|.
Since we have \n < arg</>(<¡; ,z) < \n for all z e D n B(z0,ô) and Ç e bDnB(z0,ô), hence by setting t' = (t2, ... ,t2n) we obtain
The last inequality holds because n > 2. This also completes the proof of the lemma. Now we are ready to prove our main result. In fact what we are going to prove is a more general setting, namely, holds uniformly for all z e Dn (some neighborhood of zQ in C"), and for all multiindices a.
To prove (2.7) we first fix two open balls 5 = 5(z0,e.), j = 1,2, with e, < e2 and such that B~2ç U. Put Vj=bDnBj, j = 1,2. Then by a lemma due to Ehrenpreis there exists a constant M0 > 0 such that for every positive integer k one can find <pk e C^°(F2) with 0 < 4>k < 1, 4>k = 1 on Vx and (2.8) \Da<f>k\ < M0(M0k)H , for \a\ < k.
For an outline of the proof of this lemma see Tartakoff [3] .
So one can decompose F(z) into two parts, i.e., F(z) = Fx(z) + F2(z), where
JbD <p a ,z)
It follows from the estimate (2.3) and the convexity of the domain D that there exists a constant Cx > 0 such that ■ \DazF2(z)\<Cxc\al-\a\\ uniformly for all z e DnB(z0,e) with 0 < e < e, and all k .
The remainder of this paper is devoted to the estimate of Fx(z). First we show that-perhaps with a larger constant M-the function <f>k(Ç)f(Ç)A(Ç) also satisfies the estimate (2.8).
Lemma 2.9. There exists a constant M > 0 such that for each multiindex a with \a\ < k, we have provided that M3 > 2MX and M4 > 4MX . This completes the proof of (2.20), and hence our claim (2.19).
So now if we combine the formula (2.15) and Lemma 2.4, let k = \a\ + m , we see that there exists a constant S > 0 such that the following estimate holds uniformly for all zeflflB(z0,e) with 0 < e <c e, , This completes the proofs of Theorem 2.5 and Theorem 1.
